422
E. R. Love [2] (2) 0 = x 0 < Z t < Xi < £ 2 < x 2 < . .. < x t _! < £ k < x k = oo such that / is i?-integrable on each closed sub-interval [a £ , ^9 f ] of (x i -1 ,x l ) (i = 1, 2,. . ., k) and the above limits exist. Consistency theorem. If the improper i?-integral exists, then it is absolutely convergent if and only if/is L-integrable on (0, oo). If so, the two integrals are equal:
(3) f f(x)dx = f°°/(x)<fc.
J(O,co) JO
The symbol on the left denotes the 1,-integral, that on the right denotes the improper i?-integral; we use this notation consistently (with (0, oo) often replaced by H for brevity). THEOREM [3] (7) dx f(x, y)dy =\ dx\ f(x, y)dy.
Iff(x,y) is measurable (in particular continuous) on the open quadrant HxH, and the repeated improper R-integrals

J 0 J 0 J H J H
Our hypotheses with/replaced by | / | also hold, as an immediate consequence of the hypotheses themselves. Hence (7) holds with/replaced by | / | ; that is, (8) f ™dx l"V(x, y)\dy = f dx f |/(x, y)\dy.
Jo Jo JH JH
The equations corresponding to (7) and (8) for integrals in the reverse order are also true, by the symmetry in x and y of the hypotheses. So it remains only to prove that the order of integration in the repeated X-integral on the right of (7) can be reversed.
The left side of (8) is finite, by data, hence so is the right. Since/(*, y) is measurable on HxH, Fubini's theorem applies, giving the reversibility of the order of integration on the right of (7), and hence also on the left.
REMARK. It should be noticed that the existence of the repeated L-integral on the right of (7) (10), (11) and (12) does not imply existence of (13), even if/ and the inner integrals of (10), (11) and (12) are continuous.
Let a n and b n be positive constants, b n all different, such that
and let
The above contentions will be justified if a n = l/n 3 and b n are the terminating binary decimals in (0,1) arranged as in (30). However most of the proof requires only the simpler information (14).
We suppose throughout that x and y are in H, the closed half-line [0, oo), except where otherwise stated. Always n is an integer greater than 1.
(a) Proof that f is continuous in HxH. Since JC~* sin x tends to 0 as x -*• 0 and as x -> oo, its maximum modulus occurs at one of its stationary points. At these points tan x = 2x, and so showing that the integral on the left is finite. By the consistency theorem again,
where =J>,,(2-*-*"").
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Changing 
!"/(*, y)dx = J a n f "ft*, y)dx.
Jo n=2 Jo
Suppose 1^0 and r\ ^ 0, and let F and C be denned such that
Jo yft
Integrating by parts, and supposing for the moment that r\ > 0, and this inequality holds when n = 0 as well as when n > 0. Given y e H and e > 0, choose p such that 6 n # j> for all n ^ />. Thus p may be chosen as 2 except if y happens to be one of the b n ; and the choice is independent of e. Also choose q > p such that and define 6 = 8(s, y) = min \b n -y\ > 0.
Then, using (23) with r\ = \b n -y\,
. This proves that (24) £ a n !/"(*, y)dx -£ a n f 7»(x, 30<** as A -» co. (22), with X = 0, is a Laplace transform; and its continuity as a function of r\ in r\ ^ 0 is analogous to the conclusion of Abel's continuity theorem for power series. We can prove this by a minor modification to (22) By these two inequalities, there is a> eL(0, oo) such that This proves the existence of the repeated improper i?-integral (1 l).We already know from (e) that its inner integral is continuous.
(g) Proof that (13) does not exist when a n = l/« 3 and b n are the terminating binary decimals in (0, 1), as follows: and so on. We prove that the inner integral of (13) That is, it is divergent in a dense set of y-values in (0, 1). Consequently it has no improper J?-integral, and (13) does not exist. THEOREM [9] Changing the order of integration 429
If fix, y) is measurable on the open quadrant HxH, and the repeated improper R-integrals
Thus the requirement in Theorem 1 that both integrals be absolutely convergent can be reduced. Example 1 shows that this reduction is significant, and Theorem 2 shows that the integrals in Example 1 are equal.
PROOF. Suppose the absolutely convergent integral is that on the left. The proof of Theorem 1 omitting the last two paragraphs still applies, establishing (7) and (8).
The left side of (8) is finite, by the absolute convergence hypothesis; hence so is the right side. This, with the measurability of/(x, y) on H x H, gives the finiteness and equality of 
